A Bose condensate subject to a periodic modulation of the two-body interactions was recently observed to emit matter-wave jets resembling "fireworks" [Nature 551, 356(2017)]. In this paper, combining experiment with numerical simulation, we demonstrate that these "Bose fireworks" represent a late stage in a complex time evolution of the driven condensate. We identify a "density wave" stage which precedes jet emission and results from interference of matterwaves. The density waves self-organize and self-amplify without the breaking of long range translational symmetry. Importantly, this density wave structure deterministically establishes the template for the subsequent patterns of the emitted jets. Our simulations, in good agreement with experiment, also address the apparent asymmetry in the jet pattern and show it is fully consistent with momentum conservation.
A Bose condensate subject to a periodic modulation of the two-body interactions was recently observed to emit matter-wave jets resembling "fireworks" [Nature 551, 356(2017) ]. In this paper, combining experiment with numerical simulation, we demonstrate that these "Bose fireworks" represent a late stage in a complex time evolution of the driven condensate. We identify a "density wave" stage which precedes jet emission and results from interference of matterwaves. The density waves self-organize and self-amplify without the breaking of long range translational symmetry. Importantly, this density wave structure deterministically establishes the template for the subsequent patterns of the emitted jets. Our simulations, in good agreement with experiment, also address the apparent asymmetry in the jet pattern and show it is fully consistent with momentum conservation.
Time-periodic driving, which allows coherent manipulation of many-body systems, is becoming an exciting tool in the ultracold atomic gases. This provides access to new quantum physics, for example, topological states, synthetic gauge fields and Mott transitions [1] [2] [3] [4] [5] . Of particular interest is the rather unique capability these atomic systems afford into understanding non-equilibrium many-body dynamics [6] . Also unique to the ultracold gases is the ability, through the Feshbach resonance, to periodically modulate atomic interactions [7] . Recently, this was implemented by the Chicago group [8, 9] and the Rice group [10] [11] [12] on Bose-Einstein condensates. In the Chicago experiment, a collective emission of matter-wave jets resembling fireworks occurs above a threshold modulation amplitude.
The jets were associated with a form of runaway stimulated inelastic scattering occurring in the driven condensate [8] .
In this paper we use the time-dependent Gross-Pitaevskii (GP) equation to study the evolution of the modulated BEC and the emission of these jets [8] . An unbiased or random noise term is introduced initially to model the fluctuations that seed the jet emission. We show that the simulations capture well the "fireworks" dynamics seen in experiments. Moreover, in combination with a new set of experiments, we identify a previously unobserved stage of the evolution that precedes and underlies the jet-emission. Immediately after modulation, we observe that density waves emerge and grow rapidly in the condensate with quantized wavenumbers determined by the modulation frequency [13] . The density waves arise from the interference between excited matterwaves and the condensate. The pattern is reminiscent of Faraday waves in nonlinear fluids [14, 15] and related to that predicted for driven atomic gases [16] [17] [18] [19] as well as observed in the one-dimensional condensate [20] .
The amplification of these density waves can be considered the matterwave analog of superradiant The real space density distribution n(r) (denoted as n) as a comparison between simulations and experimental data. In both, the modulation frequency ω/2π is 2 kHz, the DC and AC interaction energies respectively are U0n0 ≈ h×40 Hz, and U1n0 ≈ h×480 Hz, where h is Planck's constant (see the main text for detailed definitions). As a function of modulation time t, the system exhibits three phases : density waves in a confined condensate (blue box), near-field emission (orange box) and far-field emission (red box).
scattering in a Bose condensate [21] . As density waves of wavevector ±k form, they serve as a 'grating' within the condensate to diffract subsequent excitations into the same counter-propagating modes, thereby further enhancing the grating amplitude. This positive feedback leads to the self-amplification of matter wave excitations. Such amplification of the mode population ceases when the matterwaves leave and are manifested as the emitted pairs of jets in opposite directions [8] . Fig. 1 shows the comparison between our simulations and experiment, and serves as a calibration throughout this paper. Importantly, it suggests, by the three different colorations, that three distinct regimes of the Bose fireworks can be identified: the early density wave (DW) regime, the initial emergence of jets (called the "near-field emission") and the well established jet emission regime (called the "far-field emission"). In the near field stage the excitation modes begin to leave the condensate while still maintaining a substantial overlap with each other. After sufficiently long time (in the far field), the matter wave jets are well separated. Here the emission pattern shows that well resolved and fully distinct momentum modes are populated. We begin with the theoretical and experimental investigation of the early-stage density waves. Fig. 2 presents the experimental observation and theoretical confirmation for the emergence of density waves. In experiment we start with a Bose condensate of 4 × 10 4 cesium atoms prepared in a uniform disk-shaped trap with a radius of 13 µm. (See Ref. 8 for experimental details.) The trap has a potential barrier of height h × 200 Hz in the horizontal direction (h is the Planck constant) and is harmonic vertically with a frequency 220 Hz. By modulating the magnetic field near a Feshbach resonance, we oscillate the scattering length as a(t) = a dc + a ac sin(ωt) with a small offset a dc = 4a 0 and large amplitude a ac = 40a 0 at frequency ω/2π = 620 Hz, where a 0 is the Bohr radius.
After oscillating the interaction for time t, we perform in situ imaging and observe density waves forming within the condensate prior to jet emission. Shown in Fig. 2 (a) are snapshots of the condensate density distribution n(r) and theoretical simulation.
To be more quantitative, we extract the density wave amplitude A k f from the Fourier transform of the condensateñ(k) = (2π) −1 dre −ik·r n(r), and plot Here k f = mω/ is the wavenumber of the density waves which is determined by the parametric resonance condition; n 0 is the average density of the static condensate prior to interaction oscillation; m is the boson mass, and is the reduced Planck constant. Interestingly, this density wave amplitude exhibits a fast oscillation under a slowly growing envelope. Our theoretical approach is based on a dynamical GP equation:
where ψ is the wavefunction, and µ = U 0 n 0 the chemical potential of the static condensate; V (r) is the external The same shape at different times with growing amplitude is observed and consistent with the expected amplification process of density waves. The dashed black curve is the real-space azimuthal population distribution of jets N (φ) at t = 45 ms. The scaling factor N0 is the total number of atoms in the system. The alignment of all maxima and minima between S(k f , φ) and N (φ) shows the equivalence between density waves and jets. (b) schematically shows that the early-time density waves with wavenumber k f leads to the emission of counter-propagating jets with the same wavenumber k f at long time.
trap potential, and r = (x, y) is a two-dimensional (2D) spatial coordinate (with origin at the trap center). In addition U 0 = 4π 2 a dc /m and U 1 = 4π 2 a ac /m are the DC and AC interaction strengths, respectively; here a dc > 0 is the background offset, a ac is the amplitude of the AC scattering length. At short times, the condensate is weakly excited and the wavefunction can be linearized [16, 17] 
wavefunction of a uniform BEC, and U 0 has been absorbed through the parametrization in Eq. (1).
Since the characteristic DW length scales are much smaller than the trap size, we ignore trap effects in our analytical approach. In the plane wave basis we write ν(r, t) = [ξ(t) + iζ(t)] cos(k · r + ϕ) with both ξ(t) and ζ(t) real and ϕ a random phase. Since |ν| 1, ξ satisfies the Mathieu equation for parametric resonances:
and ζ satisfies the same equation with an extra term −αω cos(ωt) ∂ζ ∂t on the left hand side. Here we keep only leading terms in α;
. Here A ± are numerical coefficients, and the exponents are
The solution exhibits both subharmonic oscillations with half the driving frequency ω and an exponential envelope growth (via λ + ). For U 0 ≈ 0 as in experiments, the resonance with maximal λ + occurs at k = k f . At this point, ϑ ± ≈ 0, and
The interference between the uniform background and the excitations then gives the density n(r)
, leading to the density waves of exponentially growing envelope that we report here. To provide the full dynamical evolution and to include trap effects, we next appeal to the more complete numerical simulations of the GP equation.
Our simulations are 2D and incorporate a ring trap with inner and outer radii R in and R out , respectively. We choose V (r) = V 0 for R in < r < R out and zero elsewhere. V 0 is taken to be compatible with experiment, R in is taken to be the condensate radius, and, as in experiment [8] , R out ≈ 1.5R in . We use a CUDA-based GP equation solver [22, 23] , implemented on graphic processing units (GPU). More specifically, we adopt a split-step algorithm with a spectral technique in momentum space to evolve the condensate wavefunction forward in time. At t > 0 we introduce a periodic oscillation of the two-body interaction term. Important are initial small (of order 1/ √ N 0 , where N 0 is the total number of particles) random fluctuations introduced into the condensate ground state before the onset of periodic drive [24] .
It should be noted that the exponents in Eq. (4) coincide with those derived in Ref. 8 for the matter-wave jets. This suggests that the two forms of excitations may be manifestations of the same physics. We probe this hypothesis in Fig. 3 which contains results from our full GP simulations.
Indeed, Fig. 3 provides strong simulation evidence that the density waves are necessary precursors to the jets and that they establish the template for the subsequent jet emission pattern. We do this by demonstrating that the structure factor with fixed extrema (established by the DW pattern at the onset of shaking) is precisely equivalent to the real-space emitted jet population N (φ) at long times, through time of flight.
The structure factor is defined by
2 (where the magnitude and phase of the wavevector arguments are |k| = k ≈ k f and tan φ = k x /k y ). Note from Fig. 3 (a) that the structure factor contains random peaks and valleys as determined by the Note that the t = 45 ms far-field curve is equivalent to that shown dashed in Fig. 3 (a) . Here unlike in Fig. 3 , the peaks and valleys are slightly displaced with time. Panel (c) probes the emission asymmetry in real space ηr = g (2) (π) − g (2) (0) (brown circles) and the momentum-space analogue η k (green squares). The main figure shows that the (0, π) asymmetry is always absent in momentum space (η k is strictly zero within numerical precision) so that momentum is conserved. In real space, using Panel (b) we find that this (0, π) asymmetry decreases with increasing time. The inset indicates the correlation function g (2) (φ) at the same 4 times in (a), along with an early time momentum correlation function at t = 20 ms (black curve). Again, inversion 0-π symmetry is broken at short times, but recovers after long time-of-flight, and is fully preserved in momentum space. The solid line (brown) in (c) is an analytical fit to ηr [25] .
initial random seed which emulates the fluctuations of real experiments. While these are established at the onset of shaking, with increasing time the only change is an exponential growth of the peak amplitudes.
The dashed black line plotted in Fig. 3 (a) is the real-space azimuthal distribution for the jet population N (φ) = r=( t/m)k rdr n(r), at long times. Importantly, the angular distribution shows the equivalence between S(k f , φ) and N (φ). This underlies our claim that density waves and jets are deterministically correlated. These results are summarized in Fig. 3 (b) . This presents a schematic plot linking the momentum space spectrum of the DW and the population of jets with the same wavevector ±k after long time of flight.
Having established the equivalence between the far-field jets and the initial density waves, one might expect that in the near field when jets are first emitted from the condensate, the same azimuthal distribution profile in real space would be retained. Our simulations, however, show that this is not the case. In Fig. 4 (a) and (b) , a clear modification of the distribution shape with varying time is seen and is accompanied by an "inversion symmetry breaking" (in the near field). This is associated with the observation (first reported experimentally [8] ) of an asymmetric two-particle correlation function g (2) (φ) of the jet emission pattern, i.e., g (2) (π) = g (2) (0). It has been attributed to momentum non-conservation [26] or alternatively a "di-jet acollinearity" observed, for example, in quark-gluon plasmas [27] .
Here we propose and provide strong numerical support for a different scenario which is well substantiated by the detailed numerics which are summarized in Fig. 4 (c) , along with analytical arguments in the supplementary material [25] . To quantify this inversion asymmetry, we introduce a parameter
for real space (and its analogue, η k in momentum space [25] ), where . . . corresponds to averaging over angles θ and ensembles. Fig. 4 (c) plots the the asymmetry functions, η r,k , in real-and momentum-space, together with the corresponding correlation function g (2) (φ) shown in the inset. The spatial asymmetry η r decreases from a finite value to zero when going from the near to far field. This indicates that the inversion symmetry is recovered at large times. The momentum-space asymmetry η k , interestingly, remains strictly zero independent of time, showing clearly that momentum conservation is obeyed at all times.
We attribute this asymmetry to the fact that, in the near field, excitations of different wavevectors substantially overlap with each other. The resulting pattern is derived from interference between these overlapping modes, which have uncorrelated random phases.
Thus, when measuring the population at angles θ and θ + π, the symmetry between the relevant counter-propagating pair ±k (tan θ = k y /k x ), is masked by interference from other uncorrelated modes. By contrast, in the far field, different modes are well separated so that each jet now represents a single mode. Here momentum conservation is more apparent and inversion symmetry in real space is recovered. We emphasize this physical picture [25] is different from other scenarios [26, 27] in the literature.
Conclusions.-In this paper we have investigated the jet emission process induced by a periodic drive of the two-body interactions. Through a combination of simulations of the Gross-Pitaevskii equation and experiments, we demonstrated that the jet structure is imprinted in the early stages of an excited condensate, through density waves. These density waves set up an effective self consistently produced grating which, through feed-back effects resonantly amplifies their pattern [21] . What is different from the literature [16, 28] is that the grating here is disordered, but, nevertheless, the amplification process proceeds and ultimately leads to the ejection of jets or " Bose fireworks".
Observing the actual density waves in experiments, as reported in the present paper, was key to confirming this picture. Also critical to this analysis is the demonstrated capability of the GP simulations to successfully address experiments involving this stimulated emission over widely varying time, space and momentum coordinates. Our simulations have provided predictive capabilities as well as the ability to establish the important underlying principles (such as momentum conservation) of this broad scope of experimental matter-wave jet observations.
Supplement: Density waves and jet emission asymmetry in Bose fireworks

I. CONTRASTING BEHAVIOR OF JETS FROM THE REAL-AND MOMENTUM-SPACE PERSPECTIVES
In this supplement we address the contrasting behavior between real-and momentum-space behavior of the emitted jets as a function of time. At issue here is the possibility of momentum non-conservation during the jet emission process which some authors [S1, S2] have associated with the (0, π) asymmetry found in the two-particle correlation function. Our simulations have shown momentum is always conserved even with this asymmetry, and we present additional support for this important claim in this supplementary material.
We focus on the two-particle correlation function g (2) (φ) in real space and the relationship between its behavior at φ = 0 and φ = π (where φ is an azimuthal angle). An asymmetry is experimentally [S3] seen at short times. The reason for this asymmetry in real space is discussed here and we show as well that in momentum space this asymmetry is absent at all times.
We define the two-particle correlation function g (2) in real space as
where n(θ) is the particle population at azimuthal angle θ. In real space, this corresponds to density n(r) at the position r = r(cos θ, sin θ). We can also define the momentum-space analogue of g (2) (φ), where n(θ) refers to n(k)
is the Fourier transform of the wave function ψ(r). . . . refers to an average over different angles θ and ensembles. 
The right column corresponds to the real-space population N (φ) (solid line) with its π-shifted curve (dashed line) N (φ) = N (φ + π). Different colors correspond to different times: t = 25 ms (blue), t = 30 ms (yellow), t = 35 ms (purple), and t = 45 ms (red). Peaks of N k f (φ) and N k f (φ) are well aligned in both short and long times, while N (φ) and N (φ) are misaligned at small t and well aligned at large t.
Fig. S1 presents the particle density distribution in real and momentum space in (a) and (b), respectively. The left column corresponds to early times where the jets are just emerging while the right column is for long times. In momentum space a primary ring (and weak secondary rings) are visible and one sees very little time dependence; this is in contrast to the real-space plots. Nevertheless at longer times it is evident that the real-space time of flight (TOF) appears to reproduce the k-space distribution of particles. This is expected and, as a corollary implies that at large t, the peaks in the real-space g (2) at 0, π become symmetric. Indeed this is observed in Fig. 4 (c) of the main text.
To gain further insight, in Fig. S2 we plot the momentum-(left column) and real-space (right column) azimuthal number distributions. These correspond, respectively to N k f (φ) and N (φ), where N k f (φ) = k =k kdk n(k ) and k = k f (cos φ, sin φ). Plotted as solid lines in each row are distributions for the same 4 indicated times as in Fig. 4 of the main text. The dashed lines correspond to the same plot with each angle shifted by π. This corresponds to the shifted distribution N k f (φ) = N k f (φ + π) and N (φ) = N (φ + π), respectively.
In the momentum-space plot of Fig. S2 one can see an essentially exact coincidence of the solid and dashed curves showing the full symmetry between excitations with opposite momentum. This occurs for all times and is a manifestation of momentum conservation throughout. This behavior should be contrasted with plots of the real-space number distribution in Fig. S2 where one can see quite generally, that the peaks of N (φ) and in the shifted distribution N (φ) = N (φ + π) are misaligned. Importantly, only at the latest times (in the far field) is there a complete overlap of the curves which translates into a (0, π) symmetry for the correlation function g (2) (φ).
II. SIMPLE ANALYTIC MODEL OF NEAR-FIELD CORRELATION FUNCTIONS
To understand the origin of this symmetry breakdown in real space for near fields, we appeal to a simple analytic model. This model builds on our understanding that the phase remains correlated only within the same excitation mode. We demonstrate this later.
FIG . S3 . Schematic of near-and far-field TOF. In both near and far fields, the only correlated modes are the counter-propagating pair. In the far field where the distance between jets and trap center (called r) is much bigger than trap size R, fewer modes appear to overlap as seen from the measurement point.
As shown in Fig. S3 , in both the near-field and far-field situations, the only perfectly correlated pair of modes is the counter-propagating one going through the center of the condensate (marked as thick black lines with arrow heads). As a result, the wave function at r and −r can be approximated as
where n 1 is the occupation of the perfectly correlated modes while n j and n j are the occupations of modes propagating in different directions. Note ϕ i and ϕ j are uncorrelated.
FIG. S4. Intra-jet phase coherence in far field. Comparison of GP wave-function phase and momentum distribution of jets as a function of the azimuthal angle φ for the relevant radial range where the jets are located. Dashed lines have been inserted to mark phase discontinuities. The yellow curve is the momentum distribution which represents the far field spatial configuration of the jets. Within each jet there is phase coherence. However, coherence typically ends at the boundary between different jets (modes) where a "phase slip" can be seen. It should be noted that the applicability of the "edge finding" algorithm used here leads to occasional errors when the phase slips are found to be particularly small.
We now want to count the number of overlapping modes m at the measurement point r = v f t forming the jet. Entering into the count is ∆φ/δθ = arctan(R/r)/δθ = arctan(R/v f t)/δθ with δθ ∼ 1/k f R representing the angular half width of the jets. This provides a reasonable estimate of m in the near field. However, this is inadequate in the far field because it approaches zero, rather than the expected 1. Thus a more appropriate, phenomenological estimate would be to add the near-and far-field estimates in quadrature
Using Eq. (S2), the correlation function can then be written as
And we have
where n is the average density associated with a jet. The same-site correlation function is 
where n 2 = 2 n 2 for the parametrically driven jet emission as shown in Ref. S3. We compare this with the correlation between forward and backward modes which is given by ψ * (r)ψ(r)ψ * (−r)ψ(−r) = n 
We can then write for the real-space correlation functions 
(S8)
In very near field, m 1, g 2 (π) ≈ 1, indicating a nearly full suppression of the π peak or equivalently very strong asymmetry. In the far-field limit (m ∼ 1) we have g (2) (π) = g (2) (0) ≈ 2, so that perfect symmetry is restored.
We quantify the asymmetry between peaks at φ = 0 and φ = π in real space through a function For momentum space, we similarly define the analogous function η k using the same expression as for η r but with the real-space population N (θ) replaced by the momentum-space occupation N k f (θ). A fit of the asymmetry function η r by Eq. (S9) is given by the solid line (brown) in Fig. 4 (c) , where the agreement is quite satisfactory.
We finally look at Fig. S4 which addresses the phase coherence of the different modes. This serves to motivate the analytical model in Eq. S2. Plotted in this figure is the phase of the full GP wavefunction in the far-field configuration, as a function of position. This is overlaid with a momentum distribution plot (yellow line) which indicates the real space configuration of the jets in the far field. "Phase slips" are evident with varying azimuthal position. Dashed lines have been inserted to mark these phase discontinuities; one can see that the phase slips occur somewhere in the empty space between the jets (which each represent a single mode in the far field). Importantly there is phase coherence within a jet while different modes have uncorrelated phases. All of this is consistent with the analytical model discussed above and serves as a validation.
